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Abstract

Let K be a complete ultametric algebraically closed field and A(K) be the K-algebra of entire functions on
K. For f, g € A(K), in this paper, we wish to establish another representation of order and lower order of
f € A(K). Also we establish the integral representation of generalized (p,q)-th relative type and
generalized (p, q)-th relative weak type of entire function f with respect to another entire function g, where
f,9 € A(K). We also establish their equivalence relation under some certain condition.
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1 Introduction

Let us consider K to be an algebraically closed field of characteristic 0, complete with respect to a p-adic
absolute value |. | (example C,). Forany a € Kand r € ]0, +oo[, the closed disc {x € K: |x — a| < R} and
the open disc {x € K:|x — a| < R} are denoted by d(a, R) and d(a, R™) respectively. Also C(a, R)
denotes the circle {x € K: |x — a| = R}. Moreover, A(K) represents the K-algebra of analytic functions
in K, i.e., the set of power series with an infinite radius of convergence. During the last several years, the
idea of p-adic analysis have been studied from different aspects and we get many important results from
{cf. [2], [3]. [], [6], [8] and [9]}-

Let f € A(K) and r > 0, then we denote by |f|(r) the number sup{|f(x)|: |x| = r}, where |.|(r) is a
multiplicative norm on A(K). Moreover, if f is not constant the |f|(r)is a strictly increasing function of
r and tends to +oo with r. So there exists its inverse function |ﬂ: (1f(0)], ) = (0, o) with SlLrgVAl(s) =
0,

Therefore, for any two entire functions f € A(K) and g € A(K) the ratio V1@ a5 + - oo is called the

lgl(r)
growth of f with respect to g in terms of their multiplicative norm.

For x € [0, ) and k € N, Biswas {cf. [2]} defined

log¥lx = log(log*~Yx) and exp™x = exp(exp*~1lx),

where N be the set of all positive integers. We also denote log!®x = x and exp!®/x = x. Throughout the
paper, log denotes the Neperian logarithm. Taking this into account the order (resp. lower order) of an
entire function f € A(K)) is given by {cf. [1], [2] and [7]}.

1 logl?l|f|(r) e logPlfIr)
p(f) = rh_)n; SUp = and A(f) = rh_)rg) mf—logr )
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Boussaf et al.{cf. [1]} also introduce the definition of type (resp. lower type) of an entire function f €
A(K), which is also another type of growth indicator used for comparing the relative growth of two entire

function defined in A(K). having same non zero finite order in the following way,

= i Logl/1tr) “(F) = lim inf 2810
o(f) = lim sup=77— and o(f) = lim inf=5g= where 0 < p(f) < co.

Analogously for 0 < A(f) < oo, one may give the definition of weak type 7(f) and growth indicator T(f)
as

s . cloglfl(r) _ Y log|f|(r)
o(f) = rl—l>£nw inf 175 and 7(f) = rl_l)grnoo Sup —=e5—
Definition 1.1 ({cf. [4]}): Let f, g € A(K). The relative (p, q)-th order and (p, q)-th lower order of entire
function f with respect to another entire function g are defined as

@D ey _ 1 logP)g|(1£1(r)) BD ey 1o o clogPlgl(I£1()
Py (f) o rh—>r23 Sup loglal r and /1«9 (f) o 1!1—>r2> inf loglal r

where p, g are two positive integers. Further for any f € A(K) for which (p, q)-th relative order and
(p, q)-th relative lower order with respect to g € A(K) are the same is called a function of regular relative
(p, q)-th growth with respect to g otherwise f is said to be irregular relative (p, q)-th growth with respect
tog.

Definition 1.2 ({cf. [4]}): Let f, g € A(K). The (p, q)-th relative type of f with respect to g having finite
positive (p, q)-th relative order o-g(p’q) (f) is defined as

. logP—1l{g]
PO (f) = lim sup—2% l91(1£1(r)
g 4o [N
r-+ (log[q_l]r)pg f

Definition 1.3: Let f,g € A(K) be any two entire functions having finite positive (p, q)-th relative
generalized order pép'Q)(f), (0 < pg’”) < oo) where p, g are any two positive integers. Then (p, q)-

, Where p, g are any two positive integers.

th relative generalized type aé”’q)(f) of entire function f with respect to the entire function g is defined
as: the integral

> logP2[gl|(If1(r))

@
K [eXp {(IOg[q‘” s (f)}]

is convergent for k > o-g(p’q) (f) and divergent for k < o-g(p’q) .

Definition 1.4 ({cf. [4]}): Let f, g € A(K). The (p, q)-th relative generalized weak type og”Q) (f), of entire

function f with respect to the entire function g having finite positive (p, q)-th relative lower order }\g”Q) ®
is defined as

Tép'q)(f) = lim inf

r—+oo

Tt1 dT, (To > O)

loglP~![g|(1£1(r))
(X))
(logla—1l r)lg N

Definition 1.5: Let f,g € A(K) be any two entire functions having finite positive (p, q)-th relative
generalized lower order Ag”q)(f), (O < /’lg"q) (f) < oo) where p, q are any two positive integers. Then

, Where p, g are any two positive integers.

(p, 9)-th relative generalized weak type r;p'q) (f) of entire function f with respect to the entire function
g is defined as: the integral

®  logP?[gI(1f1(")

@)
S ——TT
is convergent for k > Tg”q)(f) and divergent for k < rg"q) .

Tl dr, (ro > 0)
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2 Material and Methods

Definition 2.1 ({cf. [4]}): Let f, g € A(K). The (p, q)-th relative type of f with respect to g having finite
positive (p, q)-th relative order a(p D(£) is defined as
_ . loglp=1l

(p q)(f) = lim inf og |g|(|(fz;|l§)))’
(log[q 1] r)pg 2
Definition 2.2: Let f,g € A(K) be any two entire functions having finite positive (p, q)-th relative

generalized order p(p D), (0 < p(” D(f) < oo) where p, g are any two positive integers. Then (p, q)-

where p, g are any two positive integers.

r—+o00

th relative generalized lower type aép D) (f) of entire function f with respect to the entire function g is
defined as: the integral

* log®~2/g](|f1(r)
( ) =7 dr, (1 >0)

@)
K [exp {(IOg[q “Ur)s (f)}]

is convergent for k > a(p “D(£) and divergent for k < a(p D(F).

Definition 2.3 ({cf. [4]}): Let f, g € A(K). The growth indicator r‘ép’q)(f) of entire function f with respect

to the entire function g having finite positive (p, q)-th relative lower order /13“’) (f) is defined as

_ logP~H[g|(If1(r)
PO = lim sup 2 EUIE),

(logla-1lr)"9 2

Definition 2.4: Let f,g € A(K) be any two entire functions having finite positive (p, q)-th relative

generalized order A(p'q)(f) (O < A(p’q)(f) < oo) where p, g are any two positive integers. Then the

where p, g are any two positive integers.

r—+oco

growth indicator T(p ‘”(f) of entire function f with respect to the entire function g is defined as: the
integral

. logP~2I[gl(1f1(")
7 dr, (rp>0)

S —

is convergent for k > f&(]p'q)(f) and divergent for k < fg"q) .
Lemma 2.1: Let f, g € A(K) be any two entire functions and let the integral
® logP2I[gl(1f1(r))
fr fexp(Qogle- 1m0 (0> 0)
is convergent for 0 < A < oo. Then

log”-2gl(If1(r)
roo [exp{(logl-T ) A —

f°° log~2[g](If1())
[exp{(logla—11 ) A}]+1

Proof: Since the integral

(1o >0)

is convergent then

o [P-21[4]
j logP=Ag1(If1(M) dr < eif 15> R(€).

, [exp{(logla=tr)A})e+t

exp{(log[q_l] ro)A}”O log[p_z] |T9\|(|f|(r))
i.e., f

dr<e
) [exp{(logla—1 r)4}]k+1
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Since log!?~2[g|(|£|(r)) increases with 7, so

exp{(log o) Ym0 1oglp=21[g](1£1(r)) log”~21[g1(If1(ry)) )
J;o exp (o1 )T 4 2 Tepiogie=tiry e~ 2 {1081 70)")
i.e., for all large values of r,
J-exp{(log[q-l]ro) }+ro log[p‘Z]lfg\l(lfl(r)) s 10g[p—2]@(|f|(r0))
o [exp{(logla-11)43]k+1 ™" = [exp{(logla-1 ry) A}k

so that
logP~2I[g1(1f1(r)) _
[exp{(logla—1] ro)g}]k eif 1> R(e).
m IOg[P—Z]rg\I(lfI(r)) ~
r—o [exp{(logla-11)4}]k

i.e.,

This proves the lemma.

Now a question may arise about the equivalence of definitions of (p, q)-th relative generalized type and
(p, 9)-th relative generalized weak type with their integral representations. In this paper, we would like to
establish such equivalence of Definition 1.2 and Definition 1.3, and Definition 2.1 and Definition 2.2.
Here we also investigate some growth properties related to (p, q)-th relative generalized type and (p, q)-
th relative generalized weak type of entire function with respect to another entire function.

3 Results and Discussion
In this section we establish the main results of the paper.

Theorem 3.1: If f € A(K) then p(f) = sup {S € ]o,oo[| lim su ploglfl(r) 0}_

Proof: Let P = sup {s € ]0,oo[| lim su ploglf'(r) > 0}
Tr—0c0
Let us suppose that for some s > 0, we have

lo r
lim sup% =b>0
T—00
From Definition of supremum, we have for arbitrary € and for all large values of r,
loglf 1) _
log(lo log(b + €
‘. M <54 M_ 3.1
logr logr
Again, for a sequence of values of r tending to oo
loglf 1)
log(1 log(b —
. og(logl|f I(r)) S5t Og( 6)_ 3.2)
logr logr

Combining Equation (3.1) and Equation (3.2) we get
4 log(b — €) < log(log|f (7)) <5t log(b + e)_
logr logr logr
Since € > 0 is arbitrary we get that
. log(loglf1(r))
lim sup————— =

r—00 logr

i.e. p(f)=P
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This proves the theorem.
Theorem 3.2: If f € A(K) then A(f) = inf{s € ]0, o0[
Proof: Let Q = inf{s € ]0, oo[| lim infloglr# > 0}.
T—00
Let us suppose that for some s > 0, we have
1
lim inf 28 s
r—00 rs

From Definition of infimum, we have for arbitrary € and for all large values of r,
lo r
10,

logQoglf1r) | log(d =

lim inf 28/ 1@ 0}.

r—00 rs

Y > (3.3)
logr logr
Again, for a sequence of values of r tending to oo
lo
glfl(r) cdte
TS
log(lo r log(d + €
. g( ngI())SH g( )_ (3.4)
logr logr

Combining Equation (3.3) and Equation (3.4) we obtain that
log(d — log(l log(d +
N gd—¢€) - og(log|f1(1)) <5t og( 6)_
logr logr logr
Since € > 0 is arbitrary we get that

. log(logl|f1(r)
lim inf —— =
r—00 logr

i.e., A(f) = Q.

Q

which proves the theorem.
Theorem 3.3: Let f,g € A(K) be any two entire functions having finite positive (p, q)-th relative

generalized order pg”q)(f), (O < p!(]p'q) (f) < oo) and (p, q)-th relative generalized type crg(p"D(f) where
p, q are any two positive integers. Then Definition 1.2 and Definition 1.3 are equivalent.
Proof: Let f,g € A(K) be any two entire functions such that pg"q)(f), (0 < pg"q)(f) < oo) exists,
where p, g are any two positive integers.
Case I: Let ag(p’q)(f) = oo.
Definition 1.2 = Definition 1.3.
As o-g(p"’) (f) = oo, from Definition (1.2) we have for an arbitrary G > 0 and a sequence of values of r
tending to infinity,
= pPD(r)
logP~g](1£1(r) > G. (logla~4lr)"e
A pPD(f) G
i.e., log[p_l]lgl(lfl(r)) > [exp {(log[q_l]r) g }] : (3.5)

If possible, let the integral

* logP~[g](If1(r))

@
o [exp {(log[q—l] r)ng 1 (f)}]
be converge. Then by Lemma 2.1, we get that

G+1 dT‘, (ro > O)
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. log”~![g1(1f1(r))
T1—>r£10 Sup (p,q)( ) G~
[exp{(log[q‘l] r)Ps U }]

So, for all sufficiently large values of r,

L p(p,q)(f) G
log™A(gI(1£1() < [exp{(log-1) PN . )

Therefore, by Equation (3.5) and Equation (3.6) we arrive at a contradiction.
Hence

©  logP=2l[g|(If1(r)
( ) ex7dr, (15> 0)

To [exp {(log[q_l] r)p;p‘q)(f)}]

is divergent where G > 0 is finite, which is Definition 1.3.
Now we show Definition 1.3 = Definition 1.2.

Let G be any positive number. Since aé”’q) (f) = oo, from Definition 1.3 the divergence of the integral
0 lo [p_Z]A r
g2 [gl(1f1(") —dr, (1> 0)
7o [ { [q-1] P(p'q)(f)
exp {(logla=11r)Fg }]
gives an arbitrary positive € and for a sequence of values of r tending to infinity

] 1] P PD () G-e
log'? IgI(IfI(r)) > [exp{(log a-1ly)"e }]

. (=117 [q—1] Pép'q)(f)
ie, logP Ulgl(1f1(m) > (G — e)(loglt~r)
log!?~Hg|(If1(r))

oo > G—€
(logla-1] r)Pe N

i.e.,

Since G > 0 is arbitrary, it follows that

. log® gl (If1(1)
lim sup =@
r—oo (log[q‘l] T)Pg N
e, oPV(f) =
Thus Definition 1.2 follows.
Case Il: Let 0 < ag(p"”(f) < oo,
First, we show that Definition 1.2 = Definition 1.3.
Sub case (A): Let 0 < aép’q)(f) < 0.
Let f, g € A(K) be any two entire functions such that 0 < ag(p'q) (f) < oo exists for positive integers p,

q. Then according to Definition 1.2 for any arbitrary positive € and for large value of r we obtain that

_ @
log[p_1]|g|(|f|(r)) < (Jg(p,tn(f) + 6){10g[q—1]r}99 )

log" g1 (If1() - 1

[exp {(1og[q—11r)f’é""”<f>}]k [exp {(log[q_l],,)p;pm(f)}]

i.e, k_(a;p,q)(f)+€)
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Therefore,

©  logP=g|(IfI1(r)
( ) =7 dr, (1 >0)

®.0)
K [exp {(IOg[q )P (f)}]

is convergent for k > aép'q) (.

Again, by Definition 1.2 we obtained for a sequence of values of r tending to infinity that

— ®.9)
log[p‘1]|g|(|f|(r)) > (Ug(p,q)(f) _ e){log[Q—l]r}Pg 6]
CRUD

. p=2171 [q—1] P;p'q)(f)
i.e., log'? |g|(|f|(r)) > [exp {(log a r) }] , (3.7)
so for k < ag(p‘q)(f), we get from Equation (3.7) that
log”AgI(If1)) 1

[exp {(log o)™ (f)}]k |exp {(IOg[q—ﬂr)pé”"” (f)}]k"("ép'q)(f )-¢)

®  logP gl (If1(M)

i.e., dr, (rp>0)
To [exp {(log[q—l] r)ngq (f)}]

is divergent for k < a;p'q)(f).
Hence

®  logP?gl(1f1(r)

@)
ST

is convergent for k > o-g(”’C’) (f) and divergent for k < ag(p’q) (.

Sub case (B): Let ag(p"’)(f) = 0.

When aép'q) (f) = 0 for positive integer p, q Definition (1.2) gives for all sufficiently large values of r
that

—=7dr, (1p>0)

log*~2g|(1f1(r))
(log[q‘l] T)Pép‘q)(f)

Then similar as before we get that

®  logP A gl(If1(r)

o [exp {(log[q‘1] r)pf,p'q)(f)}]

is convergent for k > 0 and divergent for k < 0.

Thus, combining subcase (A) and subcase (B) Definition 1.3 follows.
Now we show Definition 1.3 = Definition 1.2.

From Definition 1.3 and arbitrary positive e, the integral

j“’ logP~2Ig](If1(r)

.9
®.9) ag " (tetl
° [exp{(log[q‘l]r)pg (f)}] !

is convergent. Then by Lemma 2.1 we get that

7 dr, (rp>0)

dT, (ro > 0)
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logP=2gl(1£1(™)

) -
»,9) g (f)+E
[exp {(log[q—ﬂr)l)gp 1 (f)}] g
So, we obtain for all sufficiently large values of r that

logP~2] |i5|(|f|<r>)
[exp {(log[q‘l]r)pg’ q)(f)}]

p.q)
i.e., loglP—1l IgI(IfI(r)) <loge + ( @, q)(f) + e){log q-1] r}pg (f)
: . log!P~"] IgI(IfI(r))
i.e., lim sup =
roo (logla-11)Pg o)
Since € > 0 is arbitrary, it follows that
plog” ! Igl(lfl(r))
(logla-1! r)p;pq)(f)
On the other hand the divergence of the integral

f‘” logP~IgI(If1(r)

.9 pq)(f)_
0

[exp {(]og[q 11 7)Pg (f)}]

implies that there exists a sequence of values of r tending to infinity such that

logP~! @I(Ifl(r)) - 1

[exp{(1og[q—1]r)p§f‘”<f>}] ")t [eXp{(1og[q—1]r)p;”"”(f)}]

(X))
i.e., ]ogp 1] |g|(|f|(7‘)) <( (pQ)(f) _ 26){10gq 1] r}Pg (f)'

log?~g](1£1(r)
( — ) > (Uép’q)(f) — 26).
PD(r)
(log[q—l] r)pg
Since € > 0 is arbitrary, it follows from above that
: log® gl (IfI(r ))
lim sup oD =
Linds 62,
(logla-t11)Ps
So from Equation (3.8) and Equation (3.9) we obtain that
: log“"‘”lgl(lf I(r))
lim sup

r—o (log q-1] r)pg q)(f)

P () re

(pQ)(f) + €.

lim su

T—00

aPP(f). (3.8)

r, (rp>0)

1+e’

i.e.,

a PV (f). (3.9)

(P:CI) (f)

This proves the theorem.
Remark 3.1 We give an example below which validates Theorem 3.3.
Example 1: Let f(z) = z,g(z) =logz,(z>0),p =3 and g = 2. So §(z) = exp(z)
pPD(f) = lim log[”]lgl(lf (1) _ 1 log!®! exp(r)
(log[Q] r) r—o0 log[z] r
_ logl? exp(r)
= Jm sup =G,

2024
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Again
logP~ gl (1f1(M) _ s log! exp(r)
_ (P'q)(f) - r—o u lo [1]7'

(]og[q 1] r)pg 8

_ 1 logr

= e SUP logr
Next if we take k = 2, that is k > aép'q)(f) we see that the value of the integral for r, > 0,

»_ logP gl (If1() “ logexp(r) © 1 1° 1
.9 k+1 dr = f [ex (10 T')]2+1 r = f r—dT‘ = [;] = T'_’
" [exp {togla=1y ) v [explog r o T
which is convergent. Next if we take k = 0, that is k < o;p'q)(f) we see that the value of the integral for
19 > 0,
®  logP?gI(If1(r) “  logexp(r) @
a4 " ), TexpGogme T, 7Y
To [exp {(]0g[q—1] T)Pg' (f)}] T To

which is divergent.
Theorem 34.: Let f,g € A(K) be any two entire functions having finite positive (p, q)-th relative

generalized lower order /’lgp"’)(f), (0 < Aé”’”(f) < oo) and (p, q)-th relative generalized weak type

ag(p'q)(f) = lim sup
T—00

=[r]7 =,

rép'q) (f) where p, g are any two positive integers. Then Definition 1.4 and Definition 1.5 are equivalent.
Proof: Case I: Let Tép'Q)(f) = o0

Definition 1.4 = Definition 1.5.

As rép’q)(f) = oo, from Definition (1.4) we get for an arbitrary positive G and for all sufficient large

values of r that,

p-1177] la—11,\44 )
logP[g1(1£1() > G. (logle~r)

_ l(?:‘])(f)
ie,  logP2g|(IfI(r) > [exp {(log[q‘ﬂr) g }] : (3.10)
If possible, let the integral

® log=2g](If1())
1 dr, (rp>0)

@)
T
be converge. Then by Lemma 2.1 we obtain that

[p—2]
i inf 198 |‘g‘|(|f1§;>) i
T—00 ”
[exp {(log[q‘l] r)*s (f)}]

So, for a sequence of values of r tending to infinity, we get that

p-21 (] 011,87
logP~A[gl(IfI(1) < [exp {(log a-1l7) }] : (3.11)

Therefore, by Equation (3.10) and Equation (3.11) we arrive at a contradiction.
Hence

=0.

°° log”~?[g](If1(r)
( o ) =1 dr, (rp>0)
7o [exp{(log[q‘ll )% (f)}]
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is divergent, whenever G is finite which is Definition 1.5.
Now we show Definition 1.5 = Definition 1.4.

Let G be any positive number. Since répm (f) = oo, from Definition 1.5 the divergence of the integral
* log®~2[g](1£1(r))
a7 dr, (1o >0)

@
o [exp {(log[q—ll r)lgp ! (f)}]
gives an arbitrary positive € and for all sufficiently large values of r that

=213 PR A0
log2[g1(1£1(r)) > [exp {(togle-11r)™ "}

p-11[g] (-1 PP
log"~gl(If1(r) > (G — e)(logl*~"I7)

log™ gl (If1(r)
(logla-11 )5 e
ogla—1lr
logP~Y[gl(If1(r
i.e., lim inf 8 |g|(|£|q() )) >G—¢€
roe (log[q_l] r)lg ey
Since G > 0 is arbitrary, it follows that

i.e.,

-1 i1
rlim inflog[p ]|g|(|£"|q()7”)) = o0
- (log[q_l] r)/lg 6p)
i.e., Tép'q)(f) = o0
Thus Definition 1.4 follows.
Case I1: Let 0 < PV (f) < oo.
First we show that Definition 1.4 = Definition 1.5.
Sub case (A): 0 < rép’Q)(f) < 0.
Let £, g € A(K) be any two entire functions such that
0< Tép’q)(f) < o0

exists for positive integers p, q.
Then according to Definition 1.4 for any arbitrary positive € and for large value of r we obtain that

o (r.9)
logP[gI(1f1() < (:20(1) + € logla1ir}'
.9
— .9 (Tg (f)+6)
e, 1ogPAGl(1f10) < [exp{(logle-11r)¥ Y ,

log"Igl(If1(r) - 1

oo G2 E Y g gy

i.e, - (T;p’q)(f)%)
Therefore,
® log=2g](If1()
] dr, (rp>0)

S

is convergent for k > rg”q)(f).
Again, by Definition 1.4 we obtain for all sufficiently large values of r that

— (X))
log®[gI(1f1() > (:20(1) — € logla1ir}'s
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(T(p'q)(f)—e)
A(pq)(f) g
i.e., loglP—2I |g|(|f|(r)) > [exp {(log a-1 r) }] ) (3.12)
so for k < r;p'q) (), we get fEm Equation (3.12) that
log”~g]|(If1(r)) S 1

[exp {(log a-1 r),1<p q)(f)}] [exp {(log o 1]7”)1@ q)(f)}]k_(fép'q)(f)—e)

Therefore,
* logP=2[g(If1(r)
( ) —7dr, (rp>0)

A —

is divergent for k < rép‘q)(f ).
Hence

®  logP?[gI(1f1(r)

)

" [exp {(ogla-117) e D]
is convergent for k > rép’q)(f) and divergent for k < répm .
Sub case (B): Let Té”’q)(f) =0.

When rg"”(f) = 0 for positive integers p, q Definition (1.4) gives for a sequence of values of r tending
to infinity that

_dr, (1,>0)

k+1

log!P~2] Igl(lfl(r))
(logla—1l r)/'lpq)(f)

Then similar as before we get,
* log?~2!g](|f1(r)
( ) k+1dr, (rp>0)
r pQ)(f)
0 [exp {(log[q 111)% }]
is convergent for k > 0 and divergent for k < 0.
Thus, combining subcase (A) and subcase (B) Definition 1.5 follows.

Now we show Definition 1.5 = Definition 1.4.
From Definition 1.5 and arbitrary positive €, the integral

J‘” logP=2[g](I£1()

.2
.9 T (f)+E+1
° [exp {(log a-11r)%g (f)}] !
is convergent. Then by Lemma 2.1 we get that

log"g](If1(r)

@)
».9) T (f)+€
I
So, we obtain for all sufficiently large values of r that

logP~2I[gl(1£1()

(X))
»,9) T (f)'l'f
oot

dr, (ry>0)

=0.

lim inf

T—00
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— 0, (75 P+e)
i.e., log[p—z] |g|(|f|(r)) <E. [exp {(]Og[Q—l]r)ﬂg (f)}]

e, logMgl(If1(r) <loge + (27 (f) + ¢ )logleIr}

lo [p—1]
g |9|(|(}p|q()7 )) < (p,q)(f) €.
_ A7) 9
(lOg[q 1 7) 9

A‘(gp'q) (f)

i.e., lim inf

T —00

Since € > 0 is arbitrary, it follows that
log?”[g1(If1(") _
(logla-11 )% P~
On the other hand the divergence of the integral

f°° logP=2[g](I1£1()

.9
®.9 T (f)-e+1
N S &
implies for all sufficiently large values of r that
logl"~21[g|(1£1(r)) . 1

[exp {(log[q—1]r)lép'q)(f)}]rép'q)(f)_ﬁl [exp {(log[q‘l]r)ﬂép'q)(f)}]

_ A(F-Q)(f) Tép,q)(f)_ze
i.e. log[p_z]lgl(lfl(r)) > [exp {(log[q_l]r) g }]
)
)

) = ) _ ).(p'q (f
i.e, logPUg)(IfI(r) < (rép D(f) — 26){log[q Ur}e
log?~[g](1£1(r)
(,1(”"7) ) > (Tép’q) (f) - 26).
(log[q‘l] e 0]
Since € > 0 is arbitrary, it follows from above that
logP~H[g] r
lim inf—> Igl(lfl( ) 2D (f). (3.14)
T B (O B
(log[q 1] r) g
So from Equation (3.13) and Equation (3.14) we obtain that
logP~1[g] r
i in 27 191071D) _
r—o (log[q_l] T)lg 0

lim inf tPDf). (3.13)

T —00

dr, (ry>0)

1+€

i.e.,

7" (f).

This proves the theorem.
Remark 3.2 We give an example below which validates Theorem 3.4.
Example 2: Let f(z) = z,g(z) =logz,(z>0),p =3 and g = 2. So §(z) = exp(z)
logPlgl(IfI(r) . logBlexp(r) loglr
= lim inf ———+—— = lim inf ———— =
(log[Q] r) r—oo log[z] r r—oo log[z] r

2PV () = lim inf
Again

logP—1[g] r logl? exp(r
ngp'q)(f) = lim inf—2 91(A10) = lim infg—Xp() = lim inf

logr
o ogli-tl AP0 e logllr T ree Ulogr

Next if we take k = 2, that is k > ré(,”"”(f) we see that the value of the integral for r, > 0,

= 1.

1.

2024
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o loglP~2l[g] r ®  logexp(r ®7r 1
: lgl(lfpl.g) ) e dr = f [expl%logpr()])”r1 dr = f = [_] T,
To [exp {(log[q_l] ¢ )}] " o

Which Is convergent. Next ifwe take J = 0, that Is k < ngp'q)(f ) we see that the value of the integral for
Ty >0,
) log!”2[g1(1f1() gy = f°° log exp(r) .
k+1 - 0F1
o [exp {(log q-1] 1) 2g pq)(f)}] - [exp(log7)]

which is divergent.
Theorem 3.5: Let f,g € A(K) be any two entire functions having finite positive (p, q)-th relative

generalized order p"? (f), (0 <pPV(f) < oo) and (p, q)-th relative generalized lower type G."'" (f)

where p, g are any positive integers. Then Definition 2.1 and Definition 2.2 are equivalent.

Proof: With the help of Lemma 2.1 and similar to the proof of Theorem 3.1 we can prove the above
theorem.

Theorem 3.6: Let f,g € A(K) be any two entire functions having finite positive (p, q)-th relative

generalized lower order /’lg’"” N, (0 < Aép’q) () < oo) and the growth indicator fép’q) (f) where p, q are

any two positive integers. Then Definition 2.3 and Definition 2.4 are equivalent.

Proof: With the help of Lemma 2.1 and similar to the proof of Theorem 3.2 we can prove the above
theorem.

Theorem 3.7: Let f,g € A(K) be any two entire functions such that f is regular (p,q)-th relative
generalized growth with respect to g, i.e.,

(PQ)(f) _ ﬂ(pQ)(f) (0 < A(Z’Q)(f) _ p(PQ)(f) < oo),
where p, g are any two positive integers. Then the following quantities
W) o, i) PP, (i) 5700 (v TV
are all equivalent.
Proof: From Definition 1.5 it follows that the integral

“r
:.l- —dr:[r]?‘;:oo’
To r

. logP~2I[gl(1f1(")
7 dr, (rp>0)

@)
o [exp {(log[q—l] r))‘gpq (f)}]

is convergent for k > r;p'q)(f) and divergent for k < rép'q)(f).

On the other hand Definition (1.3) implies that the integral

°° logP~2Ig](If1(r)
( ) Tl dT, (TO > O)

@
To [exp {(log[q—l] r)pgpq (f)}]

is convergent for k > a;p"’)(f ) and divergent for k < a;p"”(f).

We show (i)=(ii)

Now it is obvious that all the quantities in the expression

log2IgI(f1)) __ 1oggI(If11)
[ A;p'q)(f)}]kﬂ [exp{(log[q‘l] r)p;p,q)(f)}]

K+1
exp (log[q‘l] )
are non-negative type. So,
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[ — — |
I log"~?[g1(If1(r) log”~?[g1(If1(r) |
o T YRS Las! dr
To [exp {(log[q—l] r)’lg (f)}] [exp {(log[q—l] r)Pa (f)}]
o0 logP—21[ 4] o logP—21[4]
og? gl(IfI) og” gl (If1(r)

k+1 & = K+1
o [exp {(]Og[q—ﬂ r)agp'q)(f)}] o [exp {(1Og[q—1] r)pg”'q%f)}]

e, PO 2PV (3.15)
Further, f is of regular (p, q)-th relative generalized growth with respect to g. So, we get

log»~"! Igl(lfl(r)) log!P- 1]Igl(lfl(r)) log"~1gl(If1(r)

o)

>0, (ry>0)

dr, (ry>0)

(p,q) . . . .
a; " (f) = lim sup > lim inf = lim inf
g r—o (logla-1! r)Pg )(f) T—>°° (logla-1l T)Pg D) Tow (logla-1] r)/‘l(pq)(f)
— Tép .q) (f)
ie, o) =PV (3.16)
Combining Equation (3.15) and Equation (3.16) we get
o) = 1P, (3.17)

Now we show (ii)=(iii)
Since f is of regular (p, g)-th relative generalized growth with respect to g. So, we get
l P-1l[g] r loglP—1l r

P (F) = lim 0g Igl(lgq() )): lim inf 8 Igl(lglq() )) 7P (£

r—”’o (log[q_l] r)lg 5y 1o (logq 11 )Py 6D,
e, TPV =PV (3.18)

Now we show (ii)=>(iii)
From Equation (3.17), Equation (3.18) and the condition

(19 (I)(f) _ A(p Q)(f)

it follows that
e, aPP(f)=aPPf). (3.19)

So,
Lo Vgl(A1m) - 1og gl (171)
(logla-1] T)Pép'q)(f ) roe (logla-1] r)’lép'q)(f)

e, PP =PV

5, (f) = lim su =77

Now we show (iv)=(i)
Since f is of regular (p, g)-th relative generalized growth with respect to g, we get that

_(p DF) = lim s plog[p_l]lgl(lﬂ(r)) — lim sup log~g|(If1(r)) _ o@D
r—o (10 [q-1] A(p'q)(f) r—o0 [q—1] p(p.q)(f) g
gla—tr)”s (logla=1r)"a
e, TPV =aPOf). (3.20)
Thus the theorem follows.

4. Conclusion
In the line of the works as carried out in the paper one may think of finding out integral representation of
relative (p, g, t) LW growth and (p, g, t) L*¥ growth of entire and meromorphic function with respect to
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another one and this treatment can be done under the flavour of bicomplex analysis. As a consequence,
the derivation of relevant results is still open to the future workers of this branch.
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